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Abstract 

Certain exotic phenomena in general relativity, such as backward time travel, appear to re- 
quire the presence of matter with negative energy. While quantum fields are a possible source 
of negative energy densities, there are lower bounds — known as quantum inequalities — that 
constrain their duration and magnitude. In this paper, we derive new quantum inequalities 
for scalar fields in static space-times, as measured by static observers with a choice of sam- 
pling function. Unlike those previously derived by Pfenning and Ford, our results do not 
assume any specific sampling function. We then calculate these bounds in static three- and 
four- dimensional Robertson-Walker universes, the de Sitter universe, and the Schwarzschild 
black hole. In each case, the new inequality is stronger than that of Pfenning and Ford for 
their particular choice of sampling function. 
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1 Introduction 



In recent years, there has been much interest in various exotic solutions of general relativity — 
such as traversable wormholes 0, the Alcubierre "warp drive" ||, and the Krasnikov 
"tube" [|]] — that permit hyperfast or backward time travel. However, these space-times 
without exception require the presence of matter which possess negative energy densities 
H S IH ' an d hence violate the standard energy conditions. 

Now, it is well-known that quantum field theory, unlike classical physics, allows energy 
density to be unboundedly negative at a point in space-time |J . Should the theory place no 
restrictions on this negative energy, quantum fields could be used to produce gross macro- 
scopic effects such as those mentioned above, or even a violation of cosmic censorship or the 
second law of thermodynamics. It is therefore important to have a quantitative handle on 
the permitted amount of negative energy in a neighbourhood of a space-time point. 



Ford and Roman |10| , |Tl|| have found inequalities which constrain the duration and mag- 
nitude of negative energy densities for quantised free, real scalar fields in Minkowski space. 
They show that a static observer, who samples the energy density by time-averaging it 
against the Lorentzian function 



to 

vr t 2 + t 2 Q 

obtains a result which is bounded from below by a negative quantity depending inversely 
on the characteristic timescale to- For example, in the case of a massless scalar field in four 
dimensions, the renormalised energy density in any quantum state satisfies 

^-32^' <"> 

This means the more negative the energy density that is present in an interval, the shorter the 
duration of this interval must be. Thus, this "quantum inequality" — in a way reminiscent of 
the uncertainty principle of quantum mechanics^ — serves to limit any large-scale, long-time 
occurrence of negative energy. In the infinite sampling time limit to — * °°j it reduces to the 
usual averaged weak energy condition (for quantum fields Jl2|, |I3|). 

Eveson and one of the present authors |14| have recently presented a different derivation of 
the quantum inequalities for a massive scalar field in n-dimensional Minkowski space (with 
n > 2). The method used is straightforward — involving only the canonical commutation 



1 However, the derivation of the quantum inequalities does not depend on any putative time-energy un- 
certainty principle. 
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relations and the convolution theorem of Fourier analysis — and has the virtue of being valid 
for any smooth, non-negative and even sampling function decaying sufficiently quickly at 
infinity. Furthermore, the resulting bounds turn out to be stronger than those obtained by 



Ford and Roman |10|, |TTJ when the Lorentzian sampling function is applied. 

In the present paper, we extend this method to derive quantum inequalities for scalar 
fields in generally curved but static space-times using arbitrary smooth, non-negative (al- 
though not necessarily even, as assumed in [|14j]) sampling functions of sufficiently rapid decay. 
We obtain a lower bound on the averaged normal-ordered energy density in the Fock space 
built on the static vacuum in terms of the appropriate mode functions. Since the normal- 
ordered energy density in a given state is the difference between the renormalised energy 
density in this state and the (generally nonzero and potentially negative) renormalised en- 
ergy density of the static vacuum, our bound also constrains the renormalised energy density 
(cf. [0). 

We apply our bound to several examples where the bound can be explicitly evaluated, 
namely the three- and four- dimensional Robertson-Walker universes, the de Sitter universe, 
and the Schwarzschild black hole. In all these cases, we obtain bounds which are up to an 



order of magnitude stronger than those previously derived by Pfenning and Ford [12, 13, 15 
for the specific sampling function they used. 

2 Derivation of the quantum inequality 

We shall consider n+l-dimensional space-times that are globally static, with time-like Killing 
vector dt- The metric of such a space-time takes the general form 

ds 2 = -\g tt (x)\dt 2 + ^(x)dxW, (2.1) 

where x n ) and i,j = 1, 2, . . . , n. The equation of a free, real scalar field <fi of 

mass > in this space-time is 

1 rd 2 t <p + V i V l <p - fi 2 (p = . (2.2) 



\9tt\ 



Suppose it admits a complete, orthonormal set of positive frequency solutions. We write 
these mode functions as 

/ A (i,x) = [/ A (x)e-^, (2.3) 
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where A denotes the set of quantum numbers needed to specify the mode (which may be 
continuous or discrete). A general quantum scalar field can then be expanded as 



A 



(2.4) 



in terms of creation and annihilation operators a x , a x obeying the canonical commutation 
relations 



[a x , a[ f ] = 5 X yt , [a x , ay] = [a{, a[,] = 



(2.5) 



and which generate the Fock space built on the static vacuum state |0). We shall be interested 
in the energy density of <fi along the world-line x M (t) = (£, x ) of a static observer, with x 
kept fixed. If the field is in a normalised quantum state the normal-ordered energy 



density as measured by such an observer at time t is |T2|, [13 



A, A' L \9tt\ 



{\/ l U x V l Uy(a[ay)e^-^ t + V l U x V t Uy (a x a y )e 



■i(uj x +ui x ,)t 



U^Uxialayy^-^ + U.Uyia^e-^^} , (2.6) 



+777/ 

where = (Igu]" 1 ^ 2 , 0) is the observer's four-velocity, and U\ and its derivatives are evalu- 
ated at xo- We have also written ( • ) = (0| • \ip) for brevity. Recall that the normal-ordered 
energy density is the difference between the renormalised energy density in the two states 
\ij>) and |0). 

We now define a weighted energy density 



dt ( : T^uV : ) fit) 



(2.7) 



where / is any smooth, non- negative function decaying at least as fast as 0(i~ 2 ) at infinity, 
and normalised to have unit integral. Ford and coworkers JIDl O , |T^, |I3L |T3| employ the 
Lorentzian function ( p..l|) , whose specific properties play a key role in their arguments [in 
particular, the Fourier transform of ( |1 . 1|) is simply the function exp(— |u;|£o)]; w e emphasise 
that our arguments apply to general /. Substituting from Eq. (|2.6|), the weighted energy 
density measured by the observer is 



Re£ 

A, A' k 



\9tt\ 



UlUy{a\a X ')f{uJ\' - uj x ) - UxU X '{a x ax>)f{uJx + u\>) 
+ [V t U x V l Uy(a{a xl }f(co xl - oo x ) + V*?7 A Vi^(o A o A ,)/(a; A + ooy) 
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+m 



UxU X '(a[a y )f(uJx' ~ u\) + U x U x ,(a x a x ,)f(u x + uy) 



where we define the Fourier transform of / by 

^ POO 

f(u)= / dtf(t)e** 



(2i 



(2.9) 



M 1 ' 



By applying the inequality ( |A.2| ), proved in the Appendix, to each of the cases q x 
)i2U x , ViU x and mU x , we obtain the following manifestly negative lower bound for p: 



1 r°° 
p > — - / dwV 

2% Jo x \\9tt 



"1 TT* 



U*U X + VUfViUx + m 2 U* x U x 



(2.10) 



Using the field equation satisfied by the spatial mode function 12, 13 



V l ViC/ A + 



\9tt\ 



-m 1 )U X = 



this inequality can be rewritten as 



p 



> 



TT JO 



\9tt\ 4 



+ tV j V j )\u 



fV 2 (co + co x ) 



(2.11) 



(2.12) 



This is the desired quantum inequality, which is valid for general sampling functions /(£), 
subject to the above-stated conditions. Another useful form of it can be obtained by intro- 
ducing the new variable u = u> + uj x : 



1 f 00 . 
p > / du 

TT 



ul +-v^ l )\u x \ 2 



(2.13) 



A s.t. uj\<u v \9tt\ 

with co> m i n = minACo>A- 

To simplify it any further would require a specific choice of f(t). For example, with the 
even sampling function 



/(*) 



2 t% 



2\2 ' 



that is peaked at t — 0, we have 



/1/2, 



Tr(t 2 + t 2 



27rt e- 2Mt0 . 



(2.14) 



(2.15) 



In this case, the quantum inequality can be expressed in terms of the Euclidean Green's 
function 

G E (W,x') = £^(x)tf A (xV xM , (2-16) 

A 



quite compactly as 

P> -in E G E Ho,x;fo,x), (2.17) 

where De = Tjjn$to + V*Vj i s the Euclidean wave operator. This bound is, in fact, identical 
to one that was derived in fTJ], [U| assuming the Lorentzian sampling function (|1 . 1| ) . But 
because ( |2.14|) is a more sharply peaked function [half the area under the Lorentzian function 
lies within \t\ < t , while this figure is \ + - ~ 0.82 for ( |2.14| )1, this is a first indication that 
the inequality derived here is a stronger result. 

Finally, we record the fact that for the Lorentzian function, 

2 At 

/i/2( w ) =^ Ko {tM)\ (2-18) 

7T 

where K (x) is the modified Bessel function of zeroth order. In the rest of this paper, we shall 
consider the quantum inequality in specific examples of globally static space-times where the 
left-hand side of ( |2.12|) or ( |2.13|) can be explicitly evaluated. As these examples have been 
considered previously by Pfenning and Ford ]T2L O , [T5| , we shall at times be brief and refer 
to their papers for more details. For the most part we will closely follow their notation and 
conventions. 



3 Minkowski space 



We begin with a review of the quantum inequality in n + 1-dimensional Minkowski space, 



the case that was treated in ||14j| . The mode functions for a free scalar field of mass \x are 

1 



,ikx 



k| 2 + /X 2 



(3.1) 



[(27r)"2u, k ]V2 ' 

with each component of the n- dimensional (spatial) momentum covector k satisfying — oo < 
ki < oo. The quantum inequality ( |2.12| ) becomes 

d n k —r 2 
/ 1/2 (^ + ^k) 



P > -— / du 
Ztx Jo 



2vr Jo 



(2n) n 



(3.2) 



where C n is equal to the area of the unit n — 1-sphere divided by (27r) n , i.e., 



2 n-l 7r n/2 r (l n ) 



(3.3) 
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If we make the change of variables u = u + u' and v — a/, the quantum inequality ( |3.2| ) can 
be rewritten as 



P 



> 



2ir(n + 1) j 
where the functions Q n (x) are defined by 



du 



V/i 



Q n (x) = (n + l)x-^ j* dyy 2 (y 2 - l)"/ 2 " 1 . 



(3.4) 



(3.5) 



There are several special cases in which this bound can be evaluated analytically [|14 



notably massless fields in two and four dimensions with the sampling function In the 

former, the bound is four times stronger than that derived by Ford and Roman |ITfl , but l| 



times weaker than the optimal one of Flanagan JT6|. In the latter case, the present bound is 



■§j of Ford and Roman's result. 
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4 Three-dimensional closed universe 

The line element for the static, three-dimensional closed universe is 

ds 2 = -dt 2 + a 2 (d6 2 + sin 2 9 d V 2 ) , 



(4.1) 



where a is the radius of the two-sphere at each constant time-slice, and the angular variables 
take values 0<#<7r, < (p < 2tt (and will do so for all the space-times considered in this 
paper). We consider the massive scalar field equation on this background with a coupling of 
strength £ to the scalar curvature R = 2/a 2 : 

□0-Gu 2 + 6R)0 = O, (4.2) 

whose mode-function solutions are given in terms of the usual spherical harmonics Yi m (9, ip) 

1 



by [Ig,g5 



£4n(x) 



(2cu,a 2 ) 1/2 

for I = 0, 1, 2, . . . and m = —I, + with 



Yi m (9,<p) 



ui = a- 1 v //(/ + 1) + 2£ + (a/j) 2 
The Yi m (9, ip) obey the sum rule 

1 |2 2/ + 1 



m=—l 



An 



(4.3) 



(4.4) 



(4.5) 
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which can be used in ( 2.12|) and ( 2.13 ) to show that 

1=0 



P 



> 



^7r 2 a 2 JO 



^7T 2 a 2 Ju 



da; ^ (2/ + IV, fV*(u + u£ 

, N(u) 



du 



/V2( u ) ^(21 + 1)^. 



(4.6) 



Here, N(u) = max{n G Z : u; n < it}, i.e 

N(u) = 



1 -4[2£+ (a/i) 2 - (aw) 2 ] - 1 



(4.7) 



where |_a;J denotes the integer part of x. 

While the bound in fl4.6|) can be readily evaluated using numerical techniques, it may be 
worthwhile to first simplify it analytically as much as possible. This may be useful if one 
should want to draw conclusions about its general properties. In particular, we shall present 
a general strategy for approximating finite summations like that in (|4.6| ). 

The summation in ( |4.6| ) can be evaluated using the trapezoidal rule of numerical inte- 
gration (e.g., see Eq. (3.6.1) of fT7|j ): 

£>H= [ N dxg(x) + 1 -[g(0) + g(N)} + ^-g"(O, (4.8) 

n=0 / iZ 



for some ( G (0, N). In the present case, g(x) = (2x + l)yx(x + 1) + 2£ + (a/j) 2 , and the 
integral in ( |4.8|) can be evaluated analytically. Furthermore, g"{() is non-decreasing in the 
interval in question, so its occurrence in ( |4.6| ) can be replaced by g"(N), at the expense of 
weakening the bound slightly. We obtain the final inequality 



> 



1 



8vr 2 a 3 



rod 






/ du 


F 2 {u) 


2 {I 


lUlQ 





1 N(u) 
dxg(x) + - [g(0) +g(N(u))} + -^-g''(N(u)) 



(4.9) 



with 



dx g(x) 

g"(x) 



3/2 



x(x + 1) + 2£ + (a/i) 2 
3(2x + 1) 

x{x + 1) + 2£ + (a/i) 2 4 [ x ( x + i) + 2£ + (an) 



(2x + If 



213/2 



(4.10) 



The graph of the bound in ( |4.6|) is plotted against mass in Fig. [I], for a = 1 and £ = 0. As 
usual, the sampling function f(t) is taken to be the Lorentzian function ( |1.1| ), with to = 1. 




Figure 1: Graph of the QI bound for the 3D closed universe [dashed line], and that obtained 
by Pfenning and Ford [solid line], against \i. 



When plotted on the same scale, that of ( |4.9| ) is almost indistinguishable from the former 
graph. For comparison, the corresponding bound obtained by Pfenning and Ford [13|, [15|] is 
also plotted in Fig. |l|. It is clear that our bound is stronger for all values of mass. 



5 Four-dimensional Robertson— Walker universe 

We shall first consider the case of the open universe, before proceeding to the closed universe. 
The line element is 



ds A = -dt 2 + a 2 



dx 2 + sinh 2 x (d# 2 + sin 2 9 dip 2 ' 



(5.1) 



9 



where a characterises the scale of the spatial section, and < x < 00 • The mode functions 



for a scalar field of mass \i are 

Uqi m (yi i 



a- 



(5.2) 



with < q < 00 and I, m as usual. The functions fl satisfy 



and obey the sum rule 



n gz } (%) a: sinh' x 



d 



d cosh x 



cosgx 



Lm 



2tt 2 



(5.3) 



(5.4) 



The right-hand side does not depend on the angular variables, as is expected of a system 
with isotropic symmetry. Hence, the quantum inequality fl2.12|) becomes 

I roo poo , — _ 2 

^ «1 dw /„ d?^|/ 1/2 (-+-«)| • (^) 
Note that this bound is identical in form to that in (four-dimensional) Minkowski space. 



Both ( |3.2| ) and (|5.5| ) can, in fact, be written as 

1 



P 



> 



47T 3 
1 



c 



du'u' 2 Vuj' 2 -C 2 f l / 2 (u + u') 



167T 3 JC 



du 



u 



where 



Minkowski space; 

1 open universe, 



(5.6) 



(5.7) 



and an explicit expression (and graph) for Q^(x) can be found in []14| . The Minkowski 
space result is obviously recovered in the limit of infinite a. Furthermore, since Qs(x) is 
an increasing function on [1, 00), the bound for general a is tighter than that in Minkowski 



space for all sampling functions /(£). Pfenning and Ford [ 13], [Tj| also noted this for their 
particular choice of f(t). 

We now turn to the closed or Einstein universe, with line element 



ds 2 



-dt 2 + a 2 d X 2 + sin 2 x (d9 2 + sin 2 9 dip 2 



(5i 
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where < x < 7r. The mode functions are JTS 



1 



^nim(x) = ^ /2 U^\x)Yi m (9,ip) 



0O r . 



l n(n + 2) 



+ fi 2 



(5.9) 



with n — 0, 1, 2, . . ., I — 0, 1, . . . , n, m — —I, — I + 1 ... J, and 



nit } (x) oc sin' x ( -r^— ) cosh(n + 1) 
V d cos x / 



d V+ 1 



Using the sum rule 



(71 + 1) 

2tt 2 



(5.10) 



(5.11) 



we obtain the quantum inequality 

1 

o > 



47r 3 a 3 
1 

Air 3 a 3 



n=0 



du 



N(u) 



(5.12) 



n=0 



with 



N(u) = [^(au) 2 - (a/i) 2 + 1 - lj . (5.13) 

An obvious special case to investigate is a/i = 1, in which uo n = fi(n + 1). The sum in 
( |5.12j ) may then be evaluated exactly, to give 

1 



P> 



167r 3 a 4 



poo 

/ du 


P 2 (u) 







/V2(«) (JV(«) + l) 2 (iV(u) + 2) 



(5.14) 



This bound may be weakened slightly, by replacing N(u) = [au — lj with the larger quantity 
au — 1, to give 



P 



> 



16vr 3 



du 



f 1/2 {u) 



u* + 



2u s u A 



a a' 



(5.15) 



It clearly differs from the massless Minkowski bound by 0(1 /a) terms. The bounds in ( |5.14| ) 
and ( |5.15| ) are plotted in Fig. against mass. The difference between these two graphs can 
be further minimised using the approximations below, but at the expense of having a more 



complicated expression for the bound. The corresponding bound derived in |T3|, |15[ is also 
plotted on the same graph. 
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Figure 2: Graphs of the QI bounds for the 4D closed universe with a/x = 1: ( |5.14|) using a 
dashed line, ( |5.15| ) using a dotted line, and that obtained by Pfenning and Ford [solid line]. 



Returning to the general case, we note that ( fTl~2D can be written as 

1 



P> 



4vr 3 a 4 



A" 



du 



(5.16) 



n=l 



where iV' = \ a\fu 1 — fi' 2 \ . The finite sum can again be approximated analytically using the 
trapezoidal rule, now in the form: 



N 
n=l 



N dxg(x) + \ [g(l)+g(N)] + ^g"(0 



(5.17) 



for some ( G (1, N). From the fact that the second derivative of g(x) = x 2 \jx 2 + (a/i) 2 — 1 
is non-decreasing in this interval, we obtain the inequality 



P> 



1 



4vr 3 a 4 



du 



N ' dxg(x) + ^[g(l) + g(N')) + ^ I ^g''(N')\ , (5.18) 
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Figure 3: Graphs of the QI bounds for the 4D closed universe: ( |5.16| ) using a solid line, and 
its approximation fl5.18| ) using a dashed line. 



with 



dx g{x) = -x[x 2 + (a/i) 2 — 1] 3 ^ 2 — -[(a/i) 2 — l]x\Jx 2 + (a/i)^ 



-[(a/x) —1] In (x + y x 2 + (a/j) 2 — 1 
5x 2 



2Jx 2 + (a/i) 2 - 1 + 



x 



^x 2 + (a/i) 2 - 1 [x 2 + (a/i) 2 - 1] 3/2 



. (5.19) 



The bound in ( |5.16| ) and its approximation in ( p,18| ) are plotted in Fig. |3] against /t, for 
a = 1. As can be seen, the approximation is only very slightly weaker than the exact bound. 
Also plotted in Fig. £| is the bound obtained in fl3], [151 , f° r comparison with (|5.16|) . 
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Figure 4: Graphs of the QI bounds for the 4D closed universe: (|5.16 ) using a dashed line, 
and that of Pfenning and Ford [solid line] . 



6 de Sitter space-time 



A convenient static parametrisation of the de Sitter universe is 



ds' 



1 _ L\ d t 2 + ( 1 - L-) dr 2 + r\d6 2 + sin 2 9 dip 2 ) 



(6.1; 



or J \ or 

with < r < a. The surface r = a is the particle horizon for an observer located at the 
origin. In this representation, the mode functions for a scalar field with mass /i and energy 
uj are 

U k im{^) = — — O7S - l/r , fki(z)Yi m (0,ip) , (6.2) 



where we denote z = r/a and k = au. The latter continuously parametrises the mode 
function from zero to infinity, while I and m are as in Sec. |]. The radial function can then 



14 



be solved in terms of the hypergeometric function F(a } b; c; z) as JTG 

fki(z) 

with 



r (K) r ( b l ) _ 2yk/2 p ( h + h -.i, 3. I 



(6.3) 



(6.4) 



Using the sum rule ( |4.5| ) in the quantum inequality fl2.12| ), we have for an observer at 
the origin, 



P > 



1 



64vr 3 a 4 



/ du / dA;V 
7 ° Jo 1=0 



lim 



4A; 2 



o 1 1 - z 2 z 2 



21 + 1 




2 






k 


r(i + l)v(ik) 








- z 2 )d z 






;/ + §;*») 


2 


7^ 2 (cu + fc/a) 2 



In fact, only the I = and I = 1 terms contribute (cf. Eqs. (4.126) and (4.127) of [0), and 
the expression may be simplified to give 

1 - / %o 



P > 



8vr 5 a 4 Jo 



/ dA; sinh(vrA;){(A; 2 + aV)|r(^)r(6o)| 2 + 4|r(6+)r(6r)| 2 } 



x 



fV 2 {u + k/a) 



(6.6) 



As was noted in fL2| , |13j, there are two cases for which the gamma functions in (|6.6|) can 
be evaluated analytically, namely when // = and v2/a. Assuming the Lorentzian sampling 
function fll.lj ) and using ( |2.18| ), we obtain, for the massless case, 



P > -77^ duJ r duJ ' ^ + 2a 2 u' 3 )K (t (uj + uj')) 2 
2n^a z Jo Jo 

Defining the new variables u = uj + uj' and v = uj', the bound becomes 

~2^Jo duR oM 2 J o dv(5v + 2a 2 v 3 ). 
This can be explicitly evaluated using the integral 



(6.7) 



(6.8) 



roo 

/ duu a - l K (t u) 
Jo 



ya— 3 



«\4 



*gr(a) ^ 



to obtain 



> 



32tt 2 4 64 



1 + ^-(h) 2 
9 3 'a' 



(6.9) 



(6.10) 
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Figure 5: Graphs of the QI bounds for de Sitter space-time: 
that of Pfenning and Ford [solid line]. 



76|) using a dashed line, and 



This bound is at least four times stronger than that obtained in |12], |T3 



, + *(*» 

3 K a 



(6.11) 



32vr 2 ^ L 

In the limit a — > oo or £ — * 0, we expect to recover the results for Minkowski space. Indeed, 
the bound in ( p.lOj ) is then ^ that in 06.11]) , as was observed in |L4 . 



When n = y/2/a, we similarly obtain the quantum inequality 

3 9 



P 



> 



32n 2 4 64 



in contrast to that derived in [12|, [13| : 



P> 



32tt% 



16^2' 
9 W . 



a ' 



(6.12) 



(6.13) 



16 



The bound in ( |6.6| ) and that derived in []T2], [13] are plotted for general fx, and a = 1, in 
Fig. §. 

We have, in fact, proved that for general fi, the de Sitter bound (|6.6| ) differs from the 
Minkowski space bound (|3.4| ) by terms no greater than order a _1//2 as a — > oo, and so our 
results for these cases agree in this limit. This estimate involves bounds on the integrand in 
Eq. ( |6.6D which are uniform in k and u. The proof, which we omit, is accordingly somewhat 
technical. It is unclear whether the argument can be strengthened to show that the deviation 
is in fact 0(a~ 2 ) in general, as it is for the specific cases considered in ( |6.10|) and ( |6.12|) . 



7 Schwarzschild space-time 



As the final example, we shall examine the quantum inequalities in a black hole space-time. 
The line element for the Schwarzschild black hole of mass M is 



ds 2 



2M 



di 2 + 1 



2M 



dr 2 + r 2 (dfl 2 + sin 2 #d</? 2 ). 



(7.1) 



For simplicity, we shall only consider a massless scalar field in this space-time. The mode 



functions, in the region exterior to the horizon r > 2M , take the form pO 



Uulm ( x ) 
Uulm (x) 



j^jyj- 2 Ri (u>\r)Y lm (0,<p) 
j^jyj- 2 Ri (u\r)Y lm (e,p) 



(7.2) 



where, as usual, u is the energy of the field and Yi m (0,<p) are the spherical harmonics. 
Ri (u\r) and Ri (ui\r) are the outgoing and ingoing solutions to the radial part of the wave 
equation, respectively. Although this equation cannot be solved analytically, the asymptotic 
forms of the solutions are known near the horizon and at infinity. 

Again, using the sum rule Q4.5D , we see that the quantum inequality (|2.12|) becomes 

p > -^L d./ o "^g(2, + i)j r v2 



167T 3 JO 



dcu I — T. (21 + 1) \ ? — m + —d r r 2 (l - 2M/r)8 r 

1=0 



4r z 



x 



Ri{u'\r) + Ri{u'\r) fV*{u + u') 



(7.3) 



In writing this, we are assuming that the mode functions are defined to have positive fre- 
quency with respect to the time-like Killing vector d t . This is the Boulware vacuum. Now, 
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in the two regions where Ri (u\r) and Ri (u\r) are known explicitly, we have |21 

r -> 2M, 



E (2i + 1) 

Z=0 



4w 2 (l - 2M/r)- 1 , r 

-| oo 

-E(2/ + 1)|AM! 2 , r 



oo, 



(7.4) 



1=0 



and 



E (» + 1) 

1=0 



Ri Mr 



4M 2 
4w 2 , 



E(2/ + 1)|AM| 2 , r^2M 



(7.5) 



oo. 



If we further assume the low-energy condition 2Muj <C 1, then [22 



(2Z + 1)!(2Z)! 



-AiMoo) 



i+i 



(7.6) 



These results can be substituted into (|7.3j ), and the bound explicitly evaluated using the 
integral ( |6.9|) . However, the maximum value of / for which the expansion in ( |7.3|) is valid 
depends on the order of the leading terms which have been dropped in Bi(uj). If ( |7.6|) is 



exact to O 



(Mw 



a+2 



then only the I = terms should be retained, as the B 1 contribution 
would be smaller than the corrections to Bq [|12| , |13 |. 

Near the horizon, the quantum inequality can be expressed in terms of the observer's 
proper time: 

2M\. 



as 



P> 



1 /2Mr \ 2 



-J 



327r 2 r n 4 1 24 V r 2 



1 - 



2MV 
r / 



9 

64 



1+1 



2M 



(7.7) 



(7.1 



where the ellipsis denotes higher-order terms that have been dropped. This is to be compared 

2M\ 



with the result derived in [12], [13 

3 



P 



> 



327r 2 r n 4 



1 /2Mr r ^ 2 



el" 



1 



2M 



+ 1+1 



-) 



(7.9) 



The bound in ( |7.8| ) is between ^ and | that in ([7.9[), at least in the present approximation. 
Note that in either case, the bound becomes arbitrarily negative near the horizon of the 
black hole. 

On the other hand, the quantum inequality for an observer near infinity becomes 



P 



> 



9 



327r 2 r 4 64 



2M 
1 + 



2M 



2 r 



9 3Vr 



9 V 



(7.10) 
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while the corresponding inequality obtained in |12], [L3| is 

'2M\ 2 



P> 



327r 2 r n 4 



2M 
1 + 



1 + 



12 


, 13 


r: 


"( 



i+(^ 

r 



(7.11) 



Again, the former bound is between ^ and \ the latter. It gives the correct Minkowski space 



result in the limit r — > oo or M — > 0. 



8 Concluding remarks 



In summary, we have derived new quantum inequalities fl2.12j ) or ( 2.13 ) on the normal-ordered 
averaged energy density in static space-times, that are valid for quite general sampling func- 
tions. They were then applied to several standard examples using the Lorentzian sampling 
function. (Of course, other space-times could readily be considered, such as Rindler space, 



flat space with perfectly reflecting mirrors, and other black holes [12], |13|.) The resulting 
bounds are stronger than previous results, and would lead to even tighter constraints on the 
various exotic space-times mentioned at the beginning of the paper. Before we conclude, a 
few comments are in order. 

An important question is whether our quantum inequalities are optimal. This could, 
for example, be proved by finding a quantum state that saturates the bound, which would 
necessarily belong to the kernel of all the operators (9 ± (u;) in (|A.6|) . However, it is known 
that our bound, when applied to a massless scalar field in two-dimensional Minkowski space, 
is l| times weaker than the optimal value obtained by Flanagan [16|. Unfortunately, his 
derivation relies on some special features of two-dimensional massless field theory, and does 
not appear to generalise to other more realistic cases. 

An interesting application of our quantum inequality would be to the static Morris- 
Thorne-type wormholes Ford and Roman have applied the flat-space version of their 
quantum inequalities to this case, and have found that they constrain the size of such worm- 
holes ||. They justified this procedure by making the sampling timescale much shorter than 
the minimum characteristic curvature scale, so that space-time appears locally flat. How- 
ever, it would be desirable to verify this calculation using the full curved space results; this 
should not be too difficult once the form of the scalar field mode functions in the wormhole 
space-time have been determined. 
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A Appendix 

The inequality needed to prove the results in Sec. ^| is a generalisation of one which was first 
derived in jl4| using the convolution theorem. Suppose / is a smooth, non-negative function 



of t, decaying at least as fast as 0(t 2 ) for t — > ±00. Let operators S' ± be defined by 

S ± = Herm {f( u x' ~ 0Jx)qJq X 'a[a X ' ± f(v\ + ^X' ) Q\' Qx a \' ^a } , (A.l) 

A, A' 

where the q\ are complex coefficients,^ and HermX = \{X + X') is the Hermitian part of 
an operator X. We will show that the expectation values (5 ,± ) obey 

1 r°° i — 2 

(s^y-- d^E/ 1/2 (^ + ^) |?a| 2 , (a.2) 

Zn Jo 1 

in any normalised quantum state, where f x ^{t) = \J f{t) is the pointwise square-root of fit). 
To obtain this result, first define a function g by 

9^) = ^=^). (A.3) 



We have gr(o;) = g(—oj) because / 1//2 is real, and 

(g*g){u) = f(u), (A A) 

by the convolution theorem, where * is given by 

/oo 
do;' 5-1 (u -u/)# 2 (u/) . (A.5) 
-00 

Next, define the following operators on the space of quantum states: 

0± {oj) = J2 {a{oJ - uJ\)q\a x ± g{oJ + u x )qxa[} . (A.6) 



2 For clarity, we shall denote complex conjugation by an overline in this Appendix. 
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Using the canonical commutation relations fl2.5|) and symmetrising in A, A', we obtain 

poo poo , 

/ duO ± (u) jf O ± (u) = / du V \g(uj - u\)g{u - L0 XI )qJq xl a\a xl 
Jo Jo a, a' L 



+g(u + uj x )g(uj + ujx')q\qyaxa[, 
±g(u - uj x )g(u + Uy)qjq k 7a[a[ / 
±g(u + u\)g{u) - uj\i)c[\C[\'Ci\(i\' | 

/•oo 

S ± + l duJ2\g(u + uj x )\ 2 \q x \ 2 , (A.7) 
Jo \ 



where S are given by 



S ± = Herm ^ {f(u;a, uj X ')qxqx'a[a X ' ± G(^a, ^a' ) 9a' Qx a \' a x | , (A. 8) 

A, A' 



and F, G are 



F(u; A ,^A') = / du; {#(u; - u; A )#(^ - u; A ') +g{u) + uj x )g{uj + u)x)} 

duj {g(u - uj x )g(-u + ujy) + g(-u - u\)g(u + u x >)} 
dujg(u x > - u)g(u - lu x ) 
(g -k g) (u x > - w\) = f(u x > - w\) , (A.9) 



o 

oo 







G(lo x ,u x ,) = I du{g(uj + UJ X )g(uj-uj x ,)+g(uj-uj x )g(uj + uj x >)} 
dto {g(u + u x )g(u x > - u) + g(u x - u))g(u) + u x <)) 
dug(u + u x )g(u) X > - 10) 
= (g-kg)(uj x + uy) = J(uj x + uy) . (A. 10) 

The final equalities show that ( |A.8|) agrees with the definition ( |A.1| ). 

Since the left-hand side of ( |A.7| ) is manifestly non-negative, we conclude that the expec- 
tation value of S in any normalised quantum state must satisfy the inequality 



(5 ± )>-/ du^2\9^ + iu x )\ 2 \q x \ 2 , (A.li; 
Jo s 



which is the desired result ( |A.2j ). Note that the inequality proved in |14]] corresponds to the 
special case where the q x are real and / is an even function of t. 
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